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ABSTRACT 
A path in a polytope is called a W~ path provided it never eturns to any facet once 
it leaves it (Theorem I). If x and y are two vertices of a 3-dimensional convex polytope 
then x and y can be joined by a W~ path. If x and y do not lie on a common edge then 
they can be joined by two independent W, paths, and it they do not lie on a common 
facet then they can be joined by three independent W~ paths. Results are obtained 
dealing with the question "when is a shortest path a W~ path ?" Also using ideas 
related to W, paths it is shown that any two vertices of a polytope with n k-dimensional 
faces can be joined by a path of length at most (3k-~)n. 
1. INTRODUCTION 
As the term is used here, a d-po[ytope is a d-d imensional  set Q which 
is the convex hul l  of  a finite number  of  points;  the facets of  Q are the faces 
of  d imens ion  d - -  1. A conjecture of  Hi rsch [1, pp. 160, 168] implies that, 
i f  a d-polytope Q has n facets, then any two of  its vertices may be jo ined 
by a path consist ing of  n - -  d or fewer edges o f  Q. P. Wol fe  and V. K lee 
have suggested the stronger conjecture that  any two vertices o fa  d-polytope 
may be jo ined by a W~ path, where a W~ path is one that  does not  visit 
a facet more  than once?  This conjecture was proved by Klee [3, 4] for 
d = 3. We shall prove a stronger fo rm of  this 3-dimensional  result. 
THEOREM 1. Suppose that p and q are vertices of a 3-polytope. Then 
(i) p and q can be joined by a Wv path. 
(ii) l f  p and q do not share an edge, they can be joined by two independent 
W~ paths. 
* Research supported by National Science Foundation (NSF-GP-3579). This is 
the author's M.S. thesis, written under supervision of Professor Victor Klee. 
1 For a given d, the W~ conjecture implies the Hirsch conjecture for all n. However, 
Klee and Walkup [5] have proved that, if the Hirsch conjecture is true for all d and n, 
then the Wv conjecture is true for simple polytope for all d. 
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(iii) I f  p and q do not share a facet, they can bejoined by three independent 
W~ paths. 
We will also prove the following, which answers a question of Klee [4]: 
THEOREM 2. I f  p and q are vertices of a 3-valent 3-polytope Q in which 
every shortest path (i,e., path with fewest edges)from p to q is not a W~ path, 
then Q has at least 14 vertices. 
We show by example that 14 is the best result possible (Figure 1). 
FIGURE 1 
We state without proof: 
THEOREM 3. I f  every facet of a 3-valent 3-polytope Q has fewer than 
eight edges, then between every pair of vertices there is a shortest path which 
is also a W~ path. 
The proof of this theorem is similar to that of Theorem 2 but requires 
exhausting several more cases. 
Finally we will prove 
THEOREM 4. I f  P is a d-dimensional polyhedron with n facets, then any 
two vertices of P can be joined by a path of length ~3a-3n. 
Here a d-polyhedron is the intersection of a finite number of closed 
half-spaces in d-space. Note that a d-polytope is also a d-polyhedron. 
2. DEFINITIONS AND NOTATION 
Let P be a simple path in a polyhedron Q and let x and y be vertices of P. 
We will let P[x, y] denote the portion of P which connects x and y. The 
path P is a W,~ path provided that, whenever P shares vertices x and y 
with a facet F, then each edge of P[x, y] is an edge of F. By a revisit of P 
we mean a pair of vertices (x, y) such that P shares vertices x and y with 
some facet but P[x, y] shares no edge and no other vertex with that facet. 
We say that P revisits the facet. 
A graph G is said to be 3-polyhedral provided it is isomorphic with the 
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graph formed by the vertices and edges of a 3-dimensional polytope. By a 
theorem of Steinitz [6, 2], G is planar and 3-connected, conversely, 
every planar 3-connected graph without multiple edges can be realized 
by means of a 3-polytope. If  G is embedded in the plane ~r, then each 
bounded component of ~r ~ G is called a bounded face of G. The 
unbounded component is called the unbounded face of G. Note that the 
facets of a 3-polytope correspond to the faces of its graph. 
Suppose P is a simple path in G which revisits a bounded face F. Let 
(x, y) be a revisit of P to F; then/ ' I (F)  and/12(/:) will denote the two paths 
along F from x to y such that / ' I (F)  is interior to P[x, y] tJ _P2(F). We will 
let C(F) denote the circuit P[x, y] w Ix(F ). 
"r, 
FIGURE 2 
Let P be a simple path in G which revisits a face F. Assume that G is 
embedded in the plane so that F is bounded and let (x, y) be a revisit of 
P to F. The revisit (x, y) will be called proper provided that it is not the 
case that one end of P is interior to C(F) and the other end is exterior 
to C(F). Vertices of PI(F) other than x and y are to be considered interior 
to C(F). All other vertices of F are to be considered exterior except for x 
and y, which are neither exterior nor interior. A path is called proper 
provided all of its revisits are proper (see Figure 3). 
3. PROOF OF THEOREM 1 
In the following we will assume that the 3-polyhedral graphs are 
embedded in the plane, in fact we will usually choose an embedding so 
that a particular face is bounded. 
LEMMA 1. I f  F1 and F2 are faces of a 3-polyhedral graph G, and if F 1 
and F 2 share vertices x and y, then (x, y) is an edge common to F 1 and Fz . 
PROOF: I f  the conclusion did not hold, then removing x and y would 
disconnect G, contradicting the 3-connectedness of G. 
LEMMA 2. Suppose (x,y)  is a revisit of a proper path P to a face F, and 
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(x, y) is an edge ofF. Then the path P' obtained by replacing P[x, y] by the 
edge (x, y) has fewer revisits than P. 
PROOV: Let the end-points of P be p and q and assume that the vertices 
occur in the order p, x, y, q. I fp  = x and q = y then the result is obvious. 
I f  not, then there are two cases: either one end of P is interior to C(F) or 
one end is exterior. We will treat only one of these cases, for the arguments 
for them are almost identical. 
Not proper 
Proper 
FIGURE 3 
Suppose one end of P is interior to C(F) and suppose F '  is a face which 
has more revisits by P '  than by P. I f  F '  is exterior to C(F), then F '  meets 
P '  only at x and y. Thus (x, y) is an edge o fF  and F '  by Lemma 1. Since 
the edge (x, y) is on P', (x, y) cannot be a revisit of P'. 
Suppose F '  is interior to C(F). Let (x0, Xl) be a revisit o fF '  by P' which 
is not a revisit by P. Then x0 must be on Pip, x] and x x must be on Ply, q] 
(or vice versa) for if they were both on one of these paths then (xo, x~) 
would be a revisit of  P. 
We now show that only one such revisit can be added. Suppose (x2, xa) 
were a revisit of  P '  to F'. Since, by the definition of  revisit, P'[xo, x~] 
misses F '  except at its end-points, we see that x~ and x3 lie on the paths 
P[p, x0] and P[xl, q]. Also, since (x~, x3) is a revisit, both vertices must 
be on one of  these two paths. But this implies that (x2, xa) is a revisit of 
P toF ' .  
Since (xo, xl) is not a revisit of  P to F', there is a vertex of P[x, y] on F'. 
58217/r-5 
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Also, P[x, y] cannot be a path along F ' ,  for if it were then F and F '  would 
share x and y, whence x = x0 and y = xl 9 But in this case (x0, xl) is not 
a revisit of P' to F'. 
I f  P[x, y] is not a path along F' but yet shares a vertex with F '  then there 
is a revisit of P to F' which uses a vertex of P[x, y]. Replacing P[x, y] by 
the edge (x, y) el iminates this revisit. Thus we have added at most one 
revisit to F' and removed at least one from F'.  Since F has fewer revisits 
by P' than by P, the conclusion follows. 
LEMMA 3. I f  P is a proper path in a 3-polyhedral graph G and F has a 
revisit (x, y) at some face F, then P[x, y] can be replaced by' either F i (F  ) or 
F2(F ) to produce a new path with fewer revisits than P. 
F / 
F IGURE 4 
PROOF: Assume that G is embedded in the plane so that F i s  bounded. 
Let the ends of P be p and q and assume that the vertices occur in the 
order p, x, y, q. There are three cases. 
CASE I. p = X and q = y. The result clearly holds in this case. 
CASE II. One end of  P is interior to C(F). Let P '  be the path obtained 
by replacing P[x, y] by I'z(F). Suppose F' is a face which is visited more 
times by P' than by P. 
Let x 0 and x 1 be as in Lemma 2. I f  F '  is exterior to C(F) then x 0 and xl  
are vertices of F2(F ). But F2(F) can revisit a face only if (x, y) is an edge, 
in which case we apply Lemma 2. 
I fF '  is interior to C(F) than x 0 is on Pip, x] and x~ is on Ply, q] (or vice 
versa). We now use the same argument as in Lemma 2 and conclude that 
at most one revisit has been added to F '  and at least one has been removed. 
Since F has fewer revisits by P' than by P the conclusion follows. 
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CASE III. One end of P is exterior to C(F). This is essentially the same 
as Case II. We replace P[x, y] by/ ' I (F )  and apply a similar argument. 
LEMMA 4. Let p and q be vertices of a 3-polyhedral graph G. Then 
there are three independent proper paths from p to q. 
PROOV: Since G is 3-connected, there are three independent paths 
P1, P2, and Pa from p to q in G. Suppose P1 is not proper. Then there 
are vertices x and y and a face F such that (x, y) is a revisit of P1 to F, one 
end of P1 is interior to C(F), and the other end is exterior to C(F). But this 
implies that P2 and Pa intersect C(F) and thus must intersect P , .  This 
contradicts the independence of the three paths. 
We continue with the proof of the theorem. Suppose p and q share an 
edge. This edge is a Wv path connecting p and q. If  p and q share a face 
but not an edge, then the two paths along that face from p to q are 
independent W~, paths. 
Suppose, finally, that p and q do not share a face. Let P1, P2 and Pa be 
three independent proper paths connecting p and q. We will show that 
P1 can be reduced to a path P' connecting p and q, where P'  has fewer 
revisits than P1 and P', P2, and P3 are independent. Once this is shown, 
it is clear that we can reduce P1, Pz, and P3 to three independent W~ paths 
connecting p and q. 
Let F be a face revisited by Pa, let the revisit be (x, y), and assume that 
G is embedded in the plane so that F is bounded. Since p and q do not 
share a face we see that one end of P1 is interior to or exterior to C(F). 
We will consider only the case in which one end is interior, the other case 
being essentially the same. 
Since the three paths are independent, none of them has vertices 
exterior to C(F). By Lemma 2 we may replace P[x, y] by F2(F), producing 
a path P'  with fewer revisits. The only vertices of /'2(F) which could 
intersect P2 and P3 are x and y. But these are vertices of Px and so the 
three paths P', P o, and Pz are independent. 
We must now show that P'  is proper. To do this we will change the 
notation C(F) to C(P, F) to indicate that we are referring to the path P. 
Suppose (z, w) is a revisit of P '  to a face F'. We now choose an 
embedding of G in the plane so that F '  and F are bounded and p and q are 
exterior to each circuit of the form C(P~, F'). It is easily verified that we 
obtain such an embedding by choosing the point at infinity to be near the 
vertex p and not in F or F'. 
There are two cases to be considered. 
CASZ I. (z, w) is not a revisit of P1 to F'. As we have seen, it must be 
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the case that z and w are vertices of P1 and there are revisits of P~[z, w] 
to F'. The path P' was obtained from P1 by replacing P~[x, y] by a path 
along the face F. Let this path along F be denoted by F. As we have seen, 
x and y are on Pa[z, w]. Assume that the vertices occur in the order 
p, z, x,y, w, q. We may assume that p :;6 x for, if p -- x and q = y, 
then Fand F' meet at x and y and thus (x, y) is an edge, and the edge (x, y) 
is the path P'  and thus P'  is proper. By our choice of the point at infinity, 
p is not interior to the (open) region R~ bounded by F u P~[x, y]. Since p 
is not a vertex of F or of P~[x, y], p is exterior to R~. Now, since Pa is a 
proper path and since R1 either is the region bounded by C(P~, F) or is 
the union of this region with the face F and F~(F), we see that q is not 
in R1 (see Figure 4). 
We now observe that, because P~ is proper, there is a path F '  along F'  
from z to w which misses Pa[z, w] except at the vertices z and w. Let R2 
be the region bounded by P~[z, w] w F'. This region consists of the regions 
bounded by circuits of the form C(P1,F') determined by revisits of 
P~[z, w] to F', the face F', and the arc F" which consists of the bounding 
circuit o fF '  minus the path F'. Since P1 is proper and by our choice of the 
point at infinity, neither p nor q is in any of these regions nor is either one 
on F". Thus neither p nor q is in R2 9 
We now show that the region R 3 bounded by C(P', F') is a subset of 
R~ w R2 9 The boundary of Ra consists of Px[z, x], P~[y, w], either F" or 
F '  and either F or a subset of its complement in the bounding circuit ofF. 
Thus each point of the boundary of R3 is in R1 w R2 or is in the boundary 
of R1 u R2 and so R3 C R 1 k.) R2 9 
It follows, now, that neither p nor q is in R3. To show that neither p nor 
q is interior to C(P', F') it suffices to show that neither is a vertex of F" 
other than an end-point. But this follows from the fact that neither p 
nor q is interior to any circuit of the form C(P1,F') determined by 
revisits of P1 to F'. 
CASE II. (z, w) is a revisit of P1 to F'. In this case x and y must both 
be on PI[P, z], P~[z, w] or P~[w, q]. In the first and last case it is obvious 
that (z, w) is proper for P'. If x and y lie on Pl[Z, w] then the argument 
for Case I shows that (z, w) is proper. 
4. PROOF OF THEOREM 2 
Suppose G is a simple 3-polyhedral graph with vertices p and q such that 
every shortest path from p to q is not a W~ path. 
Let P be a shortest path from p to q and suppose P revisits a bounded 
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face F. Choose x and y so that P[x, y] shares only x and y with F. The path 
P[x, y] must have at least one vertex z other than x and y for otherwise 
we would have either a double edge from x to y or a 2-valent vertex on 
FI(F ). Since P is a shortest path we see that / ' I (F )  has at least one vertex 
other than x or y. This implies that there are edges interior to C(F). I f  z 
is the only vertex of P[x, y] other than x and y then the other edge incident 
to z is interior to C(F). But this implies that we can disconnect G by 
removing x and y. Thus P[x, y] has at least four vertices, and since P is a 
shortest path, 1"1(F ) has at least four vertices. 
I f  either end of P is not on F then P has at least six vertices. In this case, 
since there are three independent paths connecting p and q each having 
at least six vertices, G has at least 14 vertices. 
Suppose p and q are both on F. I f  neither p nor q belongs to {x, y} then 
P 'has  at least six vertices and the conclusion follows. Suppose without 
loss of generality that p ~ x. There are two cases: 
CASE I. q ~ y. In this case FI(F) and F2(F ) must have at least four 
vertices each because P is a shortest path. But in this case PI(F) and F2(F) 
are W~ paths and thus each must have at least five vertices, whence F has 
at least eight vertices. It is easy to verify that a simple 3-polyhedral graph 
with a face of  eight or more vertices must have at least 14 vertices. 
CASE II. q =/= y. In this case P has at least five vertices. Each path 
along F from p to q must have at least five vertices and thus F has at 
least eight vertices. 
5. PROOF OF TItEOREM 4 
The theorem follows easily from the following: 
THEOREM. Any two vertices of a d-polyhedron can be joined by a path F 
which does not visit any facet more than 3 a-3 times. 
PROOF: The theorem is known to be true for d ---- 3, [3]. Proceeding 
by induction, suppose x and y are vertices of a d-polyhedron, d > 3, 
and that the theorem is true for all dimensions less than d. Let F 1 ,..., Fn 
be a sequence of facets of P such that 
(i) x is a vertex of F1, 
(ii) y is a vertex of  F,,, 
(iii) Fi meets Fi+~, i = 1,..., n --  1, 
(iv) n is minimal. 
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Let x = z0,21 , . . . ,  ~7  = y be a sequence of  vertices in P such that xi is a 
vertex of  F,. n F i+ l ,  i = 1 ..... n -  1. Let  / ' i  be a path in F,: f rom &_,  
to xi which does not  visit any facet of  E~ more  than 3 a 4 t imes and let 
F vo /~.  Since n is min imal ,  no facet o f  P can meet more  than three of  
the F~'s and no facet can be visited by / "  more  than 3 a-4 t imes the number  
of  F i 's  that it meets. 
To  see that  Theorem 4 fo l lows f rom the above theorem, observe that,  
as we t raverse / ' ,  we leave at least one facet each t ime we move to a new 
vertex and we leave no facet more than 3 a-a times, thus the number  of  
facets is at least 1/3 e aL(p),  where L(P) is the length of  P. 
The same argument  will give us the fo l lowing general izat ion:  
Any two vertices o f  a polyhedron with n k-dimensional faces can be joined 
by a path o f  length ~3k-2n for  k > 3 and ~3n for  k ~- 2. 
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